ARITHMETICALLY COHEN-MACAULAY BUNDLES ON COMPLETE 
INTERSECTION VARIETIES OF SUFFICIENTLY HIGH MULTIDEGREE 

JISHNU BISWAS AND G. V. RAVINDRA 

Abstract. Recently it has been proved that any arithmetically Cohen-Macaulay (ACM) bun- 

("—^ I die of rank two on a general, smooth hypersurface of degree at least three and dimension at 

^SJ ■ least four is a sum of line bundles. When the dimension of the hypersurface is three, a similar 

K.^ ' result is true provided the degree of the hypersurface is at least six. We extend these results to 

r^, complete intersection subvarieties by proving that any ACM bundle of rank two on a general, 

smooth complete intersection subvariety of sufficiently high multi-degree and dimension at least 

four splits. We also obtain partial results in the case of threefolds. 

\D ' 1. Introduction 

< 

We work over the field of complex numbers which shall be denoted by C. 

The motivation for the results of this article lie in the study of certain conjectures of Griffiths 
and Harris on the structure of curves in hypersurfaces in P^. These conjectures can be viewed 
as a generalisation of the Noether-Lefschetz theorem which we recall now. 
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Theorem 1 (Noether-Lefschetz theorem). Let X C F^ be a smooth, very general hypersurface 

^ . of degree d > 4. Then any curve C C X is a complete intersection, i.e., C = X D S where 

QQ I S CF^ is a hypersurface. 

G\' 

cn I Inspired by the above theorem, Grifhths and Harris (see |GHj ) made a series of conjectures 

l/^ ■ in decreasing strength about the structure of 1-cycles in X, the strongest one of which is the 

^^ i following. 



o 
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Conjecture 1. Let X C ¥ be a general, smooth hypersurface of degree d > 6, and C C X 
any curve. Then C = X f] S where S C P^ is a surface. 



This conjecture was proved to be false by Voisin (see [V]). In fact, she showed that pursuing 
5^ I a certain line of thought, which we describe below, weaker versions of this conjecture are also 

false. 

Notice that in the Noether-Lefschetz situation, for a smooth curve C C X, the normal bundle 
sequence 

(1) ^ Nc/x -^ Nc/p3 -^ Odd) -^ 

splits. Griffiths and Harris investigated the splitting of this normal bundle sequence and proved 
(see |GH1] ) the following characterisation 

Theorem 2. Let X CF"^ be a smooth hypersurface of degree d and let C C X be a smooth curve. 
Then the normal bundle sequence ([TJ splits if and only if C <Z X is a complete intersection. 

Unfortunately, the situation is not as simple in higher dimensions. Let X C P^ be a smooth 
hypersurface of degree d and C d Xhe any smooth curve. It is not hard to see that liC = Xr\S 
where S* C P^ is a surface, then the normal bundle sequence for the inclusion C C X C P^ splits. 
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Furthermore if X2 denotes the first order thickening of X in P"^, then the sphtting of the above 
normal bundle sequence implies the splitting of the sequence 

-^ Nc/x -^ Nc/X2 -^ Nx/X2 \c^0. 

By Lemma 1 in [MPR3J , the splitting of this normal bundle sequence implies that there exists 
D C X2, a one dimensional subscheme "extending" C i.e., C = D f] X. 

It is this weaker splitting that Voisin investigates. In [V], she proves the following 

Proposition 1. Let X C F'^ be a smooth hypersurface of degree d > 1. There exist smooth 
curves C C X such that the normal bundle sequence for the inclusions C CZ X C X2 (and hence 
for the inclusions C C X C f^) does not split. In fact, C does not extend to X2. Consequently, 
it is not an intersection of the form C = X n S for any surface S" C P^ . 

At this point, what would seem to be missing in a more complete understanding of the 
conjecture of Griffiths and Harris is firstly, whether the existence of the "special" curves of 
Voisin which disprove it are indeed as special as they seem. Secondly, one would like to know 
that in spite of this conjecture being false, whether there is a "weaker" generalised Noether- 
Lefschetz theorem. 

As explained below. Arithmetically Cohen- Macaulay (ACM) vector bundles and subvarieties 
on hypersurfaces provide answers to both these questions. Let {X, C'x(l)) be a smooth polarised 
variety and J^ be any coherent sheaf. Let H*(X, J^) := (Buez^\X,T{u)). Recall that a vector 
bundle S on X is said to be ACM if Ei{X,E) = for < i < dimX. A subvariety Z C X 
is said to be ACM if Ill{X,Iz/x) = for < i < dimZ. Furthermore, a codimension two 
subvariety Z CZ X is said to be arithmetically Corenstein, if it is the zero locus of a section of a 
rank two ACM bundle E on X. 

Let X C P" be a smooth hypersurface. Given a codimension two ACM subvariety Z C X 
with dualising sheaf ujz, one can associate an ACM vector bundle E of rank r + 1 where r 
is the minimal number of generators of the H2(P", Opn)-module irl{Z,ujz). The isomorphism 
ujz — £xtQ_^{I\Y/x^Kx), where Kx is the canonical bundle of X, gives rise to an isomorphism 

^\X,®Ul^z{a^)) = ^\X,£xt\,^{Iw/x,®l=iKx{ai))) = Ext\lw/x,®l=iKx{ai)). 

This isomorphism takes a minimal set of generators to a rank r + 1 ACM bundle (the fact that it 
is a bundle follows from the Auslander-Buchsbaum formula since Y is locally Cohen-Macaulay) 
and hence in the case when Z is arithmetically Corenstein, this is just Serre's construction. 
Conversely (see [K]), given any ACM bundle E of rank r + 1 on X and r general sections in 
sufficiently high degree, one can obtain an ACM subvariety Z <Z X such that E is the ACM 
bundle associated to it. In [MPR3] . using the above correspondence, the following was proved: 

Proposition 2. Let X C P" 6e a smooth hypersurface of degree d > 1. If a codimension two 
ACM subvariety Z d X extends to X2, then the associated ACM vector bundle E splits into a 
sum of line bundles. 

Examples of non-split ACM bundles on smooth hypersurfaces of degree d > 1 can be found in 
|BGS| (see |MPR3| for another construction). The existence of such bundles, together with the 
above proposition, immediately implies that there exist plenty of curves in X, which disprove 
the conjecture of Griffiths and Harris. It can be easily checked that Voisin's curves are in fact 
ACM, thus providing a conceptual explanation why the conjecture is false. 

The following theorem which can be viewed as a weak generalisation of Theorem [1] was proved 
in |MPR2j and [R]. 

Theorem 3. Let X C f"^ be a smooth, general hypersurface of degree d > 6 with defining 
polynomial f G }i (F^,Opi{d)). The following equivalent statements hold true. 
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(1) Any rank two ACM bundle on X is a sum of line bundles. 

(2) / cannot be expressed as the Pfaffian of a minimal skew- symmetric matrix of size 2k x 2k, 
2 < k < d, whose entries are homogeneous polynomials in five variables. 

(3) A curve C <Z X is a complete intersection if and only if C is arithmetically Gorenstein 
i.e., C is the zero locus of a non-zero section of a rank two ACM bundle on X. 

ACM bundles on hypersurfaces have been studied earlier. To add some history, Kleppe showed 
in |Kleppe| that any rank two ACM bundle E on a, smooth hypersurface X C P"', n > 6, splits 
as a sum of line bundles. When n = 5, 3<(i<6orn = 4 and d = 6, and X is a general 
smooth hypersurface, the above splitting result was first obtained by Chiantini and Madonna 
(see [CMH [CM2| ). The first general results on ACM bundles, which subsumed these results 
were first proved in J MPR1| . These in turn led to the proof of Theorem [3l as given in |MPR2j . 
An important ingredient of the proof of Theorem [3] used in ^, is the following theorem of Green 
(see [G]) and Voisin (unpublished). 

Theorem 4. Let X C P^ be a smooth, general hypersurface of degree d > 6. Then the image of 
the Abel-Jacobi map 

CH2(X)q ^ J\X)q 

from the (rational) Chow group of codimension two cycles on X to the intermediate Jacobian 
modulo torsion, is zero. 

Notice that Noether-Lefschetz type questions can be asked more generally for complete inter- 
section subvarieties in projective space. Theorem [1] for instance, is well understood in a more 
general situation (see [SCAT] ). 

Theorem 5. Let Y be a smooth projective threefold and L a sufficiently ample, base point free 
line bundle on Y . Let X G \L\ be a smooth, very general member of the linear system \L\. Then 
the restriction map i* : Pic(y) —^ Pic(X) is an isomorphism. 

In the above theorem, we need L sufficiently ample to imply that the map H (Oy) — >• H {Ox) 
is not surjective. In case Y = P'^, this translates to the condition L = Op3{d) with d > 4. In 
particular, this gives an extension of the Noether-Lefschetz theorem to complete intersection sur- 
faces of multi-degree (di, • ■ ■ , dn-2) in P" (here the corresponding condition on the multi-degree 
of X is Y17=i '^i — ''^ + !)• Using (the infinitesimal version of) this theorem and some explicit 
analysis, Harris and Hulek (see [HHj ) extended Theorem [2] to smooth complete intersection 
surfaces. 

Finally, Green and Miiller-Stach (see |G-MSj ) have proved a generalisation of Theorem H] to 
complete intersection subvarieties of sufficiently high multidegree. 

Theorem 6. Let X be a general complete intersection subvariety in P" of sufficiently high multi- 
degree and dimension at least three. The image of the cycle class map CH {X)q — > IIp(X, Q) 
into Deligne cohomology is just the image of the hyperplane class in P". In particular, the image 
of the Abel-Jacobi map of X is contained in the torsion points of J^{X). 

In view of these above two theorems, it is natural to seek extensions of Theorem [3] to complete 
intersection subvarieties of projective space. 

2. Main results 

The main results of this note are the following. 

Theorem A. Let X C P" 6e a general smooth complete intersection subvariety of dimension 
at least four and sufficiently high multidegree. Then any ACM vector bundle of rank two on X 
is a direct sum of line bundles. 
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This can be viewed as a generalisation to complete intersections of the main result of |MPR1| . 

Let di < d2 < • • • < dn-3 be a sequence of positive integers, with di ^ for 1 < i < n — 3 
and dn-3 > maxjdj + dj} for 1 < i, j < n — 4. Recall that a bundle E is said to be normalised 
if /i°(£;(-l)) = but h^{E) / 0. With this notation, we have 

Theorem B. Let X C ¥^ be a general smooth complete intersection threefold of sufficiently 
high multidegree {di, ■ ■ ■ ,dn~3) as above. Then any arithmetically Cohen- Macaulay, normalised 
rank two vector bundle E on X is a direct sum of line bundles provided ci{E) < dn-z — 1. 

Theorem A is obtained as a consequence of Theorem B. A word about the inequality satisfied 
by the first Chern class and about the condition dj ^ in the above theorems: since any 
bundle E splits iff E[m) := E^Oxiin) splits for some m, we may assume that E is normalised. 
Madonna showed in [M] that on any smooth three dimensional complete intersection X C P" a 
normalised rank two ACM bundle splits as a direct sum of two line bundles unless — Yl^=i ^i "I" 
n — 1 < ci{E) < X]r=i di + 3 — n. We notice that when n = 4 and X is a general hypersurface of 
degree d S> 0, combining our result and Madonna's bound, it follows that the only possible first 
Chern class of a normalised and indecomposable rank two ACM bundle on X is d— 1. This case 
is classical. Indeed, the existence of an indecomposable ACM bundle of rank two on a general 
smooth hypersurface in P^ is equivalent to the fact that a general homogeneous polynomial in 
five variables can be obtained as the Pfaffian of a (minimal) skew-symmetric matrix of linear 
forms. It is well known (see [B]), by a simple dimension count, that when d > 6, this is not 
possible. Thus Theorem B can be seen as a generalisation of Theorem [3] above. Finally, to 
prove Theorem B, we argue as in |Rj| for the cases of general three dimensional hypersurfaces of 
degree at least six. Indeed we use here the result of Green and Miiller-Stach (Theorem [6]) which 
generalised the corresponding result of Green and Voisin (Theorem H} . In doing so, we need to 
restrict to the cases of complete intersections of sufficiently high multi-degree and dimension at 
least 3. 

We have then the following interesting: 

Corollary C. Let X C P" 6e o general smooth complete intersection subvariety of sufficiently 
high multidegree. 

(1) Any arithmetically Gorenstein subvariety T C X of codimension two is a complete in- 
tersection in X provided dimX > 4. 

(2) Suppose X is a threefold, and C C X is any arithmetically Gorenstein curve. Then C 
is the intersection of X with a codimension two subscheme S C P" i/ and only if C is 
a complete intersection in X. Ln addition, if the rank two bundle E associated to C 
via Serre's correspondence is normalised, and ci{E) < dn-3 ~ 1; then C is a complete 
intersection in X . 

Finally, we should mention that another motivation for the questions on ACM vector bun- 
dles comes from the conjectures of Buchweitz-Gruel-Schreyer (see [BGSj , Conjecture B) on the 
triviality of low rank ACM bundles on hypersurfaces (see [Rj for more details). 

The present paper builds on results proved and techniques developed in |MPRll IMPR21 IRJ 
IWull IWu2) ■ some of which have been included here for the sake of completeness. The non- 
degeneracy of the infinitesimal invariant in particular, is shown by refining Xian Wu's proof in 
|WuT] . 
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4. The infinitesimal invariant associated to a normal function 

Let y be a smooth projective variety of dimension 2m, m > 1. Let X ^ S he the universal 
family of smooth, degree d hypersurfaces of in Y. Let C C ^ be a family of codimension m 
subvarieties over S. If ^ = l{s) is the degree of Cg and Dg is a codimension m linear section 
(i.e. Dg is an intersection of m hyperplanes in Xg), then the family of cycles Z with fibre 
Zg := d Cg — IDg for s a S defines a fibre- wise null- homologous cycle, i.e. an element in 
C}i'^{X/S)hom- Let v7 := {J{Xg)}g^s be the family of intermediate Jacobians. In such a 
situation, Griffiths (see |Gri| ) has defined a holomorphic function vz '■ S ^ J , called the normal 
function, which is given by vz{s) = fJ-giZg) where fig : C}i"^{Xs)^Q^ -^ JiXg) is the Abel-Jacobi 
map from the group of null-homologous cycles to the intermediate Jacobian. 

This normal function satisfies a "quasi-horizontal" condition (see |V1| . Definition 7.4). Asso- 
ciated to the normal function i^z above, Griffiths (see [Gril] or [VI ] Definition 7.8) has defined 
the infinitesimal invariant di'z- Later Green JG] generalised this definition and showed that 
Griffiths' original infinitesimal invariant is just one of the many infinitesimal invariants that 
one can associate to a normal function. For a point sq G S, let X = Xg^, C := Cg^ C X and 
D := Dgf^. Green showed that in particular 6iyz{so) is an element of the dual of the middle 
cohomology of the following (Koszul) complex 

(2) AH1(X,Tx)®H™+1''"-2(x) ^R\X,Tx)^B"''"'-\X) ^H™-1'™(X). 

We now specialise to the case m = 2 where X <ZY \s a smooth hypersurface of dimension 3 and 
C C X is a curve of degree /. Then Z := dC — ID is a nullhomologous 1-cycle with support 
W := C\J D. At a point s £ S, this infinitesimal invariant is therefore a functional 

6iyz{s) :keT{}i^{X,Tx)0ii^{X,nJi)^i{^{X,n]^)) ^ C. 

Consider the composite map 

7 : R\x,Tx)®iiHx,iw/x^nl) ^ r\x,Tx) ®B\x,nj^) -^ B\x,n\). 

By abusing notation, we will let 

^i^z{s) '■ ker7 -^ C 
denote the composite map. On the other hand, starting with the short exact sequence 

^ Iw/x ^Ox^Ow^Q, 
and tensoring with Q}^ , yields a long exact sequence of cohomology 

> B^{^\) -^ R\n]^ (8) Ow) -^ iiHiw/x ® ^]c) -^ h2(0^) ^ 0. 

Combining this sequence with the Koszul complex ([2|), we get a commutative diagram: 

(3) ^ "^g^g"^ A RHIw/x ^ n]c) ^ ^'{^'x) ^ 

ix 
c 

where x is given by integration over the cycle Z and /3 is a Koszul map. As a result, one has an 
induced map 

The following is the main result that we shall use in this paper. 



R\Tx)(E)RHIw/x^^xj 
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Theorem 7 (Griffiths [Grilt [Gri2] ). Let vz be the normal function as described above. Then 
Suziso), the infinitesimal invariant evaluated at the point sq G S, is the composite 

ker7 -^ f; — ;► L. 

Remark 1. Tlie map x can be understood as follows: Since D is a general plane section of X, 
by Bertini C n L> = 0. Thus Ow = Oc e On and so 

For any irreducible curve T C X, let rnp : H (f^^^Or) -^ H (Jl;^) = C be the natural restriction 
map. For any element (a, b) € 13^(0^ (g) Ow), x(o, &) := drc{a) — lrj:){b) G C Clearly, this map 
factors via the quotient H^(0^ (g) C'vy)/H^(i7^). 

The main result in this situation is Theorem [U] which implies in particular that the normal 
function is zero on an open subset of the parameter space. By Theorem 1.1 in [2] (or Proposition 
1.2.3 of [Wulj ). we then have the following. 

Theorem 8. Let X be a general complete intersection subvariety in P" of sufficiently high 
multi-degree and dimension at least three. If Z ^ S is a family of codimension two, degree 
zero cycles contained in the universal complete intersection ^ C P" x 5, then the infinitesimal 
invariant 5vz associated to Z vanishes at a general point s G S. 

5. ACM BUNDLES ON A SMOOTH SUBVARIETY X CY 

Let X = nr=i ^ be a general complete intersection of smooth hypersurfaces 1^ C P" of 
degree dj. Let £■ — t- X be an indecomposable, normalised ACM bundle of rank two. In this 
section, we shall establish several lemmas which will enable us to prove the non-degeneracy 
of the infinitesimal invariant coming from a family of arithmetically Gorenstein curves. The 
criterion is a refinement of Wu's criterion (see |Wulj ). 

Lemma 1. Let E be as above with first Chern class a. Then the zero locus of every non-zero 
section of E has codimension 2 in X. If C C X is the zero locus of a section of E, then we have 
the exact sequence 

(4) O^C'x(-a) ^^^ ^/c/x ^0. 

Furthermore, E is {{Y^^=i dj) — n + 3 — a)-regular, n — 1 — ^'^^i di < a < (X]"=i di) — n + 3, 
and Kc = OciY^lZi di-n-l + a). 

Proof. See ^ for the proof of the first part of the Lemma. The regularity p oi E can be 
computed easily (see op. cit.). For the inequality satisfied by a, see [M]- D 

Notation: Let di < d2 < • • • < dns be a sequence of sufficiently large positive integers (i.e. 
di ^0), and d„_3 > max{dj + dj} for 1 < i, j <n — A. For the rest of the paper, we will denote 
by 

n— 4 

Y:=[]Yi, d = d„_3 and X G |Oy(d)| 

a general member. Also, we will let E denote a normalised, indecomposable ACM bundle of 
rank two on X and C d X to denote the zero locus of a non-zero section of E (which is a curve 
by Lemma [T|). 
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5.1. Towards the surjectivity of the map x- The main result of this subsection is the 
surjectivity of the map x- This is achieved by identifying a subspace of H^(l^, ri^,^), restricted 
to which X is surjective (see Corohary [2]) . The proof cruciahy depends on the foUowing: 

Lemma 2. Let C C X C y C P" he as above. Then the natural map 

is zero. 

Before we prove this lemma, we shall need several results which we shall prove now. Let 

(5) 0-^Gy -^ Fo^Y ^E^O, 

be a minimal resolution of E by vector bundles on Y. So Fq^y := ^ Oy (— Oj), where Oj > and 
the kernel Gy is ACM. The fact that Gy is a bundle follows from the Auslander-Buchsbaum 
formula (see [Ej, Chapter 19). 

Applying TiomoYi' > ^y) to sequence ([5]), we get 

(6) O^Fo^y ^G^ ^S^(d) ^0. 

(see [MPRlj where it is proved when X C P" is a hypersurface: the same argument works on 
replacing P" by y) 

Lemma 3 (see also [RJ). There exists a commutative diagram 

-^ F^Y ^ G^y ^ E'^id) -^ 

(7) 10 i is^ 

^ Oy ^ OY{d) -^ Ox{d) -^ 

where under the isomorphism 

Hom(Fo^y, Oy) ^ HO(Fo,y) ^YI\E), <j)^s. 

In addition, F^y ~^ Oy is a split surjection (i.e. <j) is the projection onto one of the factors). 

Proof. We consider the following push-out diagram: 

-^ Fi^y -^ G^ ^ E'^id) -^ 





-> 


G-y 


;</> 




I 


Oy 


-)■ 


K 



(8) 

^ Oy ^ /C ^ E'^{d) -^ 

Since F^y = ©C)y(aj), a^ > 0, any such diagram corresponds to a section (j) ^ H'^(-Po,y)- 

Next consider the pull-back diagram: 

^ Oy ^ K -^ E'^[d) -^ 
(9) II I |s^ 

^ Oy ^ OY{d) -^ Ox{d) -^ 

Any such diagram corresponds to a section s S H (E). Since H (Fo,y) — H (£■), there is a 
bijective correspondence between the diagrams above. Combining them, we get the desired 
commutative diagram. The morphism (/> is a split surjection since a, > 0, V i. D 

Tensoring the exact sequence ([6]) with Q^n and taking cohomology, we get 

(10) -^ U^E'^id) ^nln)^ ^\F^y f]|n) ^ H2(G^ f]|„) ^ 

Lemma 4. The map H^(F(J^y (g) Op„) -^ H^(Gy (S> ilpn) in diagram ^^) is the zero map. 
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Proof. Let Fi -^ Gy be a surjection from a sum of line bundles on 

minimal set of generators of Gy ■ Let Fq be a sum of line bundles on P" such that Fq® Oy = F^ 



to Gy, induced by a 



o,Y- 



The map Fq y — )• Gy lifts to a map $ : Fq -^ Fi, since Gy is ACM. Hence we have a commuting 



square 



R\F^(^nl„) 

1 = 

H2(FQVofipn) 



H2(Fi®(72„) 



To prove the lemma, it is enough to prove that the top horizontal map, which is given by the 
matrix <1>, is zero. In other words, we need to show that <1> has no non-zero scalar entries. 

Suppose there was such an entry, then we would have a diagram 









; 


; 


Oy 


= Oy 


i 


I 


^ i^oV 


-^ Gy 


n 


i 


^ F 


^ G 


i 


i 









FV(d) 



Here F (resp. G) is defined as the cokernel of the inclusion Oy ^^ F^y (resp. Oy 
Applying T-LomoY^- , Oy) to the diagram above, we get 



G^y) 

















i 




i 








^ G^ 


-> 


FV 


-^ 


Fxti,^(FV(d),Oy) = 


= F 


i 




; 




II 




^ Gy 


-> 


Fo,Y 


^ 


Fxti,^(FV(d),Oy) = 


= F 


i 




n 








Oy 


= 


Oy 








i 














Since Oy is a summand of Fo^y which is in the image of the map Gy -^ Fq^y, the composite 
map Oy — >■ Fo,y — ?• F is zero. In particular, this implies that Gy -^ Oy is a surjection and so 

O^G'-^^F'-^^F^O 

is also a resolution. This contradicts the minimality of sequence ([5]). D 

Proof of Lemma \^ We have the following resolution for Ox on P" : 

n~3 n— 3 

^ Opn(- ^ di) ^ ^ Opn(-(ii) -^ Opn ^ O^ ^ 0. 

i=l i=l 

Using this resolution and the fact that d = dns > niaxi<ij<n-4:{di + dj}, one can show that 

71 — 3 

R\Ox{d) ® nl„) ^ 0H2(f7|„(d - di)) ^ h2(0|„). 
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Tensoring diagram ([7]) with J7p„ yields a commuting square 

(11) i 'l 

Here the top horizontal map is a surjection by Lemma [H and the right vertical arrow is a 
surjection by Lemma [3l Hence the map 'il^{E^ (d) (8) r2|„) — )• Ii^{Ox{d) ^f„) is a surjection. 
Since this map factors via H^ {Ic/x{d)^^pn), the natural map il^{Ic/x{d)^^pn) — >■ ii-^{Ox{d)^ 
r2p„) is a surjection. Hence we are done. D 

Let /ly £ H (ily) be the restriction of the generator /i € H (ilpn) and consider the class 
/ly G H (r^y). This is the image of hx, the hyperplane class in X, under the Gysin map 
C = H^(J7^) — ^ H^(riy). Furthermore, since d ^> 0, by Serre vanishing, we have ff(J7y(d)) = 
for i = 1,2. Hence the coboundary map H (riy((i)|x) — > H (ily) is an isomorphism. By abuse 
of notation, we will denote the inverse image of hy under this isomorphism by hy. 

Corollary 1. Under the natural map 

Ii\nl{d)ix)^'iiH^Y{d)\c), /ly^O. 

Proof. One has a commutative square 

B\lc/xid)^nln) -^ R\Oxid)®nlr.) -^ B\Ocid)®nl„) 

H^(^c/x(rf)®^y) ^ R\Oxid)^nl.) -^ R\Ocid)®nl.) 

The first horizontal arrow in the top row is surjection, and the middle vertical map H (Oxid)® 
Qp„) -> R^{Ox{d) (8> ^y) can be identified with the map H^(r2|„) -> H^(Oy) which takes the 
element /i^ ^ /if.. Hence h"^ ^ under the map H2(ilf.) = H^(ilf.((i)|x) -^ H^(f]|.((i)|(;). D 

Now we are in a position to prove the first step i.e., the surjectivity of the map x- Consider 
the exact sequence 

-^ Oxi-d) -^ Qy^x ^^x^O. 

Taking second exteriors and tensoring the resulting sequence by Ox{d), we get a short exact 
sequence 

(12) 0-^n]^ -^nlr{d)ix ^^x{d)^0. 

For the inclusion C C X, the natural map ^xiq -^ ^c yields a push out diagram: 

-^ n]^^^ -^ ^Yid)\c -^ ^xid)\c -^ 

i i 11 

^ f]^ ^ T -^ ^x{d)\c -^ 0. 

where J- is defined by the diagram. 

Lemma 5. The map H {C,Q,^) — )■ H (C, J-") in the associated cohomology sequence of the bottom 
row in the above diagram is zero. Thus we have a surjection 

\c :=ker[H^(J]i,i^) ^Hi(Of.(d)|c)] -H^(C,Oi,). 
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Proof. We have a commutative diagram 

i i 

The composite of the vertical maps on the left is the map which takes the class hx i— >■ he- 
Since these are the respective generators of these cohomology groups both of which are one 
dimensional, this composite is an isomorphism. On the other hand, the composite 

is zero: this is because the map H (fi^) -^ H (i7y((i) ijj^^) can be identified with the Gysin 
map H {^x) ~^ ^ (^y)) ^'^d so by the above Corollary, the generator hx i-^ under the 
composite. This implies that the map H (C, 0^) — ?> H (C, J-) is zero and so we have a surjection 

Corollary 2 (Surjectivity of x)- The composite map 

is a surjection. Hence X ^s a surjection. 

Proof. This first inclusion follows from the fact that Ow — Oc ® Od- The surjectivity of the 
composite follows from the definition of x ^^id the above lemma. D 

5.2. Some vanishing lemmas. In this subsection, we shall prove vanishing of certain coho- 
mologies. The technical condition in Theorem B is required for these vanishings to hold and 
that is the only reason for its appearance in in the statement of the theorem. The main result 
here is Lemma [7] and the reader may skip the details which are pretty standard arguments if 
s/he so wishes. 

Lemma 6. With notation as above and a < d — 1, we have 

ff(ry ®Ky® Ic/xi'^d - j)) =0, j = 1, 2. 

Proof. From the exact sequence 

^ Ox{-a) ^E"" ^ Ic/x -^ 0, 
it is enough to prove the following 

(1) W+\Ty ®Ky^ Ox{2d - j - a)) = j = 1, 2. 

(2) W{Ty ®Ky(^ E{2d - j - a)) = j = 1, 2. 

The vanishings in (1) above follow, on tensoring the exact sequence 

^ Ty O Ox ^ Tpn o Ojf ^ ®'^I^Ox{d^) -^ 0, 
with Ky ® OY^^d — OL — j) and using the vanishing of the following terms 

(A) W{KY{d^ + 2d-a- j)\x) for j = 1, 2. Since Ky = Oy{J27=i di - n - 1) and X is a 
complete intersection, this follows. 

(B) ff +Hrpn i^y (2d - a - i)|x) for j = 1, 2. 

Using the Euler sequence restricted to X: 

O^Ox^ 0x(l)®"+^ ^ Tpn ® Ox ^ 0, 
the vanishing in (B) follows from the vanishing of 
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• W+^{KY{2d -a-j + l)\x) for j = 1, 2 and 
. H^+2(Ky(2d -a- j)\x) for j = 1, 2. 

The only non-trivial cases are when j = 2 in the first case and j = 1 in the second case. These 
vanishings hold provided a < d — 1. 

For the vanishings in (2), we use the minimal resolution of E on Y: 

O^Gy ^ Fo,y -^ E ^0. 

Then it suffices to show that 

(C) W{Ty ®Ky® Fo^Yi^d -a-j)) = for j = 1, 2. 

(D) H^+i(ry O ETy Gy(2d - Q - j)) for j = 1, 2. 

For (C): Fo,y = 0Oy(-ai) where -a^ + reg^ > 0. So the above term is 0^ H^(Ty(6i)) 
where h > d — j — 4. Since d >> 0, this is true by Serre vanishing. 

For (D): From the tangent bundle sequence 

^ Ty ^ Tpn (g) Oy ^ er=r/Oy(rfj) -^ 0, 
the required vanishings follow from 

• B^OYidi) <^Ky0 Gy(2d - a - j)) = for j = 1, 2 since Gy is ACM, and 

• W^'^{Tpn (g) i^y (g) GY{'2d — a — j)) = for j = 1, 2. For this use the Euler sequence to 
reduce this statement to vanishing like the above and then use the fact that Gy is ACM. D 

RecaU that W = CUD. 
Lemma 7. H^(Ty Ky (^Iw/vi'^d)) = 0. 

Proof. From the exact sequence 

-^ OY{-d) -^ Iw/Y -^ Iw/x -^ 

we have, since d » 0, H^(ry (g) Ky (^Iw/rC^d)) = B^{Ty ® Ky <^ Iw/xC^d)). We shall prove 
that the latter vanishes. For that we use the exact sequence 

^ Ox{-2) ^ Ox(-l)®' ^ Id/x ^ 0. 
Tensoring this with Ic/xi^d) yields 

^ Ic/x{2d - 2) ^ Ic/x{2d - 1)®' ^ Iw/x{2d) ^ 0. 
Since H-^(Ty g) i^y (g) I(j/x{2d — j)) = for j = 1, 2 from Lemma [6] above, we are done. D 

5.3. An auxiliary vector space. In this subsection, we shall construct an auxiliary vector 
space which surjects onto the domain of the map x- This construction is a crucial refinement of 
condition (1) in [Wulj which was first proved in [R] . 

Lemma 8. Let U := ker[H°(ry g) Ky(2d)) -^ H°(E:y(3(i)|H/)] and V := kei:[B.^{n]^^y^,) -^ 
H (Qy((i)n;i/)]. Then the natural map U ^-V is a surjection. 

Proof. Tensoring the short exact sequence 

0^Tx^TY\x^Ox{d)^0 
with iCy(2(i)n4/ and taking cohomology, we get 

^ if{Tx ® KYi2d)iw) -^ H°(ry KYi2d)iw) -^ H°(Ky (Sd)^;,/) 
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Since Tx 'Si Kyid) = Jl^, we have the following commutative diagram: 

^ U -^ H°(ry ®Ky(2d)) -^ H°(i^y(3d)|H/) 

(13) I I II 

^ HO(f)^(d)|iy) ^ HO(ry0Ky(2(i)|vK) ^ R'^ (Ky {3d) ^w) ■ 

The middle vertical arrow can be seen to be a surjection by using the fact that the cokernel 
of this map injects into H (Ty S Ky (i^XyYiy{2d)) which vanishes by Lemma [71 By the snake 
lemma, the first map is also a surjection. Since 

Image[H0(Q2^(d)|H/) ^ R\n'^\w)] = ^^T[}l\n\^^) ^ \i\nlr{d\w)\ = V, 

we have a surjection U -^ H (il^((i)ny) ^> V . D 

5.4. The final lifting. All that remains to be done now is to lift the elements from the auxiliary 
vector space U constructed above to ker7 for which we need the following 

Lemma 9. With notation as above, the multiplication map 

B.\lw/y Ky{2d)) R\Oyid)) -^ HO(ZvK/y S Ky{3d)) 
is surjective. 



Proof. Tensoring the exact sequence 



(14) o^Ox(-2)^Ox(-1)®'^/d/x^O, 



by E, we have 

(15) -^ E{-2) -^ E{-1)®^ -^ Id/xE -^ . 

Let Tm '■= H (Ox("i-))- The exact sequence above gives rise to a diagram with exact rows 
where the vertical arrows are all multiplication maps: 

^ R\E{k-2))ST^ -^ H0(^(A; - 1))®2 r„ ^ R\lD/xEik)) ST^ -^ 

-r ~r- ~\' 

-^ }i^{E{m + k-2)) -^ H°(£;(m + A;-1))®2 -^ R^{lD/xE{m + k)) -^ 0. 

Since E is (X]r=i di — a — n + 3)-regular by Lemma [H the middle vertical arrow is a surjection 
for k > (^i^i di — a — n + 4) and m > 0. It follows that the multiplication map 

R\lD/xE{k)) S lf{Ox{m)) ^ }i'>{lD/xE{m + k)) 

is surjective for k > {'}27=i di — a — n + A) and m > 0. Next consider the exact sequence 
-^ Id/x ~^ Id/xE -^ Iw/xio/) ~^ obtained by tensoring sequence ([4]) by /£)/x(o). Repeating 
the previous argument, it is easy to check that the multiplication map 

R\lw/x{k)) S R\Ox{m)) ^ YL\lw,x{m + k)) 

is surjective for k > (X]r=i di — n + 4) and m > 0. Now using the exact sequence 

-^ Oy{-d) -^ Iw/y -^ Iw/x -^ 0, 

and the fact that the regularity of Oy is Y17=i di — n — 2, we can conclude by repeating the 
argument above, that the multiplication map 

B°ilw/y O Ky{2d)) H0(Oy (d)) ^ B^{Iw/y S Ky{3d)) 

is surjective. D 
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6. Proofs of the main results 

Assume that a general, smooth complete intersection threefold X C P" of sufficiently high 
multi-degree (di, • • • , dn-s) supports an indecomposable ACM rank two vector bundle E with 
first Chern class a < dns — 1- This implies that there exists a rank two bundle £ on the 
universal hypersurface X C Y x S' where S' is a Zariski open subset of S, the moduli space of 
smooth, degree d hypersurfaces of Y, such that for a general point s G 5', S^Xs is normalised, 
indecomposable, ACM and its first Chern class as = a satisfies the inequality above. Further- 
more, from the construction of this family, one sees that there exists a family of curves C ^ S' 
such that Cs is the zero locus of a section of S\Xs- Let ^ be a family of 1-cycles with fibre 
Zg := dCs — IDs where, as before, Ds is plane section of Xg and / = l{s) is the degree of Cs- 

Proposition 3. In the situation above, 5vz ^ 0. 

Proof. We shall show that 5vz{s) 7^ at any point s ^ S parametrising a smooth hypersurface 
X dY . To do this, we shall lift elements of U to ker7 in diagram [3j Since we have surjections 

[/ ^> y ^» C, we will be done. 

Let df : ily(2d) — ?> -ftry(3d) be the derivative map where / is the degree d polynomial 
defining X. Composing with the quotient Ky {'id) / Ky {2d) , we get a map df : Oy(2d) -^ 
Ky {id) / Ky {2d) . Using the identification riy = Ty (g) Ky, and taking cohomology, we get 

H»(r.«AV(2.))i^H.,AV(3.,)^|Wa^ 

The cokernel of the composite map above can be identified with H {^x) (^^^ |CGGH| . Page 174 
or [L], Chapter 9 for details). 

The key ingredient in this lifting is the following commutative diagram: 

R^{Oy{d))0B\l^/Y^KY{2d)) ^ ,^H^(g^gt\^2.)) 

(16) I I 

R^Tx)(S)n\lw/Y(^^l) ^ ^\^x)- 

Here the right vertical map is the one explained above. The horizontal maps 7 and 7' are 
(essentially) cup product maps. The vertical map on the left is a tensor product of two maps: The 
first factor is the composite R^{Oy{d)) -^ R°{Ox{d)) -^ H^(Tx). The normal bundle ofXcY 
is Ox{d) and H {Ox{d)) — > H {Tx) is the natural coboundary map in the cohomology sequence 
of the tangent bundle sequence for this inclusion. The second factor H''(Z^y/y (g) KY{2d)) -^ 
\i^{Zy^iY rL\) is also obtained as above by observing that Tx ® Ky{d) = il^. 

This diagram yields a map ker7' -^ ker7. To complete the lifting, recall that by Lemma [9l 
the map }l^{Oy{d)) (g) H°(Zty/y (g) KY{2d)) -^ }i^{Iw/y (g Ky{M)) is a surjection. Restricting 
this map to ker7', we get a surjection 

ker 7' ^U :=df R°{Ty ® ify(2d)) n R°{lw/Y <» KY{3d)). 

Let U be the kernel of the map H°(Ty (g) Ky{2d)) -^ RP{Ky{M)\x)- Looking at the diagram 

analogous to P^ obtained by replacing W by X, we see that there is a map U — )• R^{^\{d)). 

The boundary map H (il^((i)) -^ H {^\) in the cohomology sequence associated to diagram 

(fT2]l is the zero map (this is because the composite map H^(ri^) -^ H^(riy((i)|x) — H^(ily) 

is the Gysin inclusion). This implies that the surjection [/ — » y of Lemma [8] factors as C/ — » 

— ^ — X 

U -^ U/U -^ V and thus we have surjections ker 7' -^ U ^^ V ^* C By the compatibility of 

these maps with the map ker 7' -^ ker 7 and those in diagram ([3]), we conclude (using Griffiths' 

formula) that 5i'z{s) 7^ 0. D 
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Proof of Theorem B. Assume that a general complete intersection threefold X supports an in- 
decomposable normalised ACM bundle E, with a < d — 1. Let Z be the family of degree zero 
1-cycles defined earlier. By the refined Wu's criterion Svz ^ 0: this contradicts the theorem of 
Green and Miiller-Stach. Thus we are done. D 

Proof of Theorem A. Let X be a complete intersection subvariety of dimension four. Let E be 
an ACM bundle of rank two on X. As mentioned above, we may assume E to be normalised 
with first Chern class a. Now choose a general hypersurface T C X of degree d >> 0, satisfying 
d > a + 1. Since E (8) Ot is ACM, and a < d — 1, it follows from Theorem B that E ^ Ot splits. 
This implies by a standard argument that E itself splits. The case for dimension greater than 
four now follows in a similar way. D 

Proof of Corollary C. The proof of the first part is trivial. The proof of the second part is as 
follows: Suppose C = X f^ S where 5" C P" is a codimension two subscheme. Then C = X f\ S 
where S := S* n y is a surface in Y . We have a commutative diagram 

Q -^ Vl\ ^ n\{d) -^ ^l-{d)\x -^ 

^ nl\s -^ ^l{d)\s -^ ^l{d)\c -^ 
Taking cohomology, we get a commutative diagram 

}i\nl{d)\x) = ^\^l) 

The map H^(ily) — )■ H^(r2y 15) is non-zero since the composite 



YL^i^l) -^ R^inl. is) -^ H2(f72 • 



is a surjection which sends hy 1-^ /15 where hy and /15 are the classes of hyperplane sections in 
Y and S respectively. Thus the image of hx under the composite map 

R\n],)^RH^l{d)ix)^-ii\nl\s) 

is non-zero and hence its image under the map 

R^n],) ^ R\nl{d)ix) ^ RHnUd)ic) 

is also non-zero. By the proof of Lemma [21 if iiJ were indecomposable, then the above map is 
zero. This implies when a < d — 1, that the associated rank two bundle splits, hence C is a 
complete intersection. D 

References 

[B] Beauville, A., Determinantal hyper surf aces, Dedicated to William Fulton on the occasion of his 60th birth- 
day. Michigan Math. J. 48 (2000), 39-64. 

[BGS] Buchweitz, R.-O.; Greuel, G.-M.; Schreyer, F.-O., Cohen- Macaulay modules on hypersurface smgulanties. 
II, Invent. Math. 88 (1987), no. 1, 165-182. 

[CGGH] Carlson, J., Green, M., Griffiths, P., Harris, J., Infinitesimal variations of Hodge structure. I, Compositio 
Math. 50 (1983), no. 2-3, 109-205. 

[CMl] Chiantini, L., Madonna, C. G., ACM bundles on general hypersurfaces in P"" of low degree. Collect. Math. 
56 (2005), no. 1, 85-96. 

[CM2] Chiantini, L., Madonna, C, A splitting criterion for rank 2 bundles on a general sexttc threefold, Internat. 
J. Math. 15 (2004), no. 4, 341-359. 

[CMS] Chiantini, L., Madonna, C, ACM bundles on a general quintic threefold, Dedicated to Silvio Greco on the 
occasion of his 60th birthday (Catania, 2001). Matematiche (Catania) 55 (2000), no. 2, 239-258 (2002). 



ARITHMETICALLY COHEN-MACAULAY BUNDLES 15 

[SGA7] Deligne, P and Katz, N; Groupes de monodromie en geometrie algebrique. II. Seminaire de Geometrie 
Algebrique du Bois-Marie 1967-1969 (SGA 7 II). Lecture Notes in Mathematics, Vol. 340. Springer- Verlag, 
Berlin-New York, 1973. 

[E] Eisenbud, David, Commutative algebra. With a view toward algebraic geometry, Graduate Texts in Mathe- 
matics, 150. Springer- Verlag, New York, 1995. 

[G] Green, Mark L., Griffiths' infinitesimal invariant and the Abel-Jacobi map, J. Differential Geom. 29 (1989), 
no. 3, 545-555. 

[G-MS] Green, Mark; Miiller-Stach, Stefan; Algebraic cycles on a general complete intersection of high multi- 
degree of a smooth projective variety, Compositio Math. 100 (1996), no. 3, 305-309. 

[Gri] Griffiths, Phillip A; On the periods of certain rational integrals I, 11, Ann. of Math. (2) 90 (1969), 460-495; 
ibid. (2) 90 1969 496-541. 

[Gril] Griffiths, Phillip A., Infinitesimal variations of Hodge structure. III. Determinantal varieties and the in- 
finitesimal invariant of normal functions, Compositio Math. 50 (1983), no. 2-3, 267-324. 

[Gri2] Griffiths, Phillip., Infinitesimal invariant of normal functions. Topics in transcendental algebraic geometry, 
305-316, Ann. of Math. Stud., 106, Princeton Univ. Press, Princeton, NJ, 1984. 

[GH] Griffiths, Phillip; Harris, Joe, On the N aether- Lefschetz theorem and some remarks on codimension-two 
cycles. Math. Ann. 271 (1985), no. 1, 31-51. 

[GHl] Griffiths, Phillip; Harris, Joe, Infinitesimal variations of Hodge structure. II. An infinitesimal invariant of 
Hodge classes, Compositio Math. 50 (1983), no. 2-3, 207-265. 

[HH] Harris, Joe; Hulek, Klaus, On the normal bundle of curves on complete intersection surfaces, Math. Ann. 
264 (1983), no. 1, 129-135. 

[Ho] Horrocks, G., Vector bundles on the punctured spectrum of a local ring, Proc. London Math. Soc. (3) 14 
(1964) 689-713. 

[K] Kleiman, Steven L., Geometry on Grassmannians and applications to splitting bundles and smoothing cycles, 
Inst. Hautes Etudes Sci. Publ. Math. No. 36 (1969) 281-297. 

[Kleppe] Kleppe, H., Deformation of schemes defined by vanishing of Pfaffians, J. Algebra 53 (1978), no. 1, 84-92. 

[L] Lewis, James D., A survey of the Hodge conjecture. Second edition. Appendix B by B. Brent Gordon. CRM 
Monograph Series, 10. American Mathematical Society, Providence, RI, 1999. xvi-f 368. 

[M] Madonna, C, A splitting criterion for rank 2 vector bundles on hypersurfaces in P4, Rend. Sem. Mat. Univ. 
Pol. Torino 56 (1998), No.2, 243-54. 

[MPRl] Mohan Kumar, N., Rao, A. P., and Ravindra, G.V., Arithmetically Cohen- Macaulay bundles on hyper- 
surfaces. Comment. Math Helvetici 82 (2007), No. 4, 829-843. 

[MPR2] Mohan Kumar, N., Rao, A. P., and Ravindra, G.V., Arithmetically Cohen- Macaulay bundles on three 
dimensional hypersurfaces. International Math Research Notices 2007. 

[MPR3] Mohan Kumar, N., Rao, A. P., and Ravindra, G.V., On codimension two ACM subvarieties in hypersur- 
faces, "Motives and Algebraic Cycles: A Conference Dedicated to the Mathematical heritage of Spencer J. 
Bloch" - eds. James D. Lewis and Rob de Jeu, Fields Communications Series, Volume 56. 

[R] Ravindra, G.V., Curves on threefolds and a conjecture of Griffiths-Harris, Preprint. 

[OSS] Okonek, Christian; Schneider, Michael; Spindler, Heinz, Vector bundles on complex projective spaces. 
Progress in Mathematics 3, Birkhauser. 

[V] Voisin, Claire, Sur une conjecture de Griffiths et Harris, Algebraic curves and projective geometry (Trento, 
1988), 270-275, Lecture Notes in Math., 1389, Springer, Berlin, 1989. 

[VI] Voisin, Claire, Hodge theory and complex algebraic geometry. II, Translated from the French by Leila 
Schneps. Cambridge Studies in Advanced Mathematics, 77. Cambridge University Press, Cambridge, 2003. 

[Wul] Wu, Xian, On an infinitesimal invariant of normal functions. Math. Ann. 288 (1990), no. 1, 121-132. 
[Wu2] Wu, Xian, On a conjecture of Griffiths-Harris generalizing the Noether- Lefschetz theorem, Duke Math. J. 
60 (1990), no. 2, 465-472. 

Theoretical Statistics and Mathematics Unit, Indian Statistical Institute, 8th Mile Mysore 
Road, Bangalore 560 059, INDIA. 

E-mail address: jishnu@isibang.ac. in 

Department of Mathematics, Indian Institute of Science, Bangalore 560 012, INDIA. 
E-mail address: ravindraOmath. iisc.ernet .in 

Current Address: Department of Mathematics and Computer Science, 1 University Boulevard, 
University of Missouri, St. Louis, MO 63121, USA. 



